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In the mixture of ultracold spin-1 atoms of two different species A and B (e.g., 23Na (A) and 87Rb
(B)), inter-species singlet-pairing process A+1 + B−1 
 A−1 + B+1 can be induced by the spin-
dependent inter-atomic interaction, where subscript ±1 denotes the magnetic quantum number.
Nevertheless, one cannot isolate this process from other spin-changing processes by tuning the bias
real magnetic field. As a result, so far the singlet-pairing process have not been clearly observed in
the experiments, and the measurement of the corresponding interaction strength becomes difficult.
In this work we propose to control the singlet-pairing process via combining the real magnetic
field and a laser-induced species-dependent synthetic magnetic field. With our approach one can
significantly enhance this process and simultaneously supperess all other spin-changing processes.
We illustrate our approach for both a confined two-atom system and a binary mixture of spinor
Bose-Einstein condensates. Our control scheme is helpful for the precise measurement of the weakly
singlet-pairing interaction strength and the entanglement generation of two different atoms.
I. INTRODUCTION
In last few decades, spinor Bose-Einstein condensates
(BECs) was one of the most inspiring workhorses for
studying diverse physics including spin textures, topo-
logical excitation and non-equilibrium quantum dynam-
ics [1, 2]. In recent years, the vitality expansion of spinor
BECs is well done by experimentally realizing of plenti-
ful dramatical physical scenes, including SU(1,1) inter-
ferometer [3–7], quantum synchronization [8, 9], gauge
invariance [10], entanglement generation [11, 12] and dy-
namical quantum phase transitions [13].
In a single-species spinor BEC, e.g., the BEC of spin-1
87Rb [14] or 23Na [15] atoms, the spin-dependent inter-
atomic interaction can induce a two-body spin-mixing
process A0 + A0 
 A+1 + A−1, where A denotes the
atomic species (e.g., 87Rb or 23Na) and the subscript
0,±1 denotes the magnetic quantum number of atomic
spin. This process can induce fruitful spin dynamics
which were successfully observed [16–18] and can be used
for the generation of spin squeezing, entanglement state
as well as quantum metrology gain [3–5, 7, 19–23].
Furthermore, the binary mixture of spin-1 BECs has
also been experimentally realized with several atomic
combinations [10, 24–26]. In such two-species system
the spin-dependent inter-species interaction can induce
various types of spin-changing processes for two differ-
ent atoms, i.e., the spin-mixing processes A0 + B0 

A±1 + B∓1 as well as the spin-exchanging processes
A0 + B±1 
 A±1 + B0 and A+1 + B−1 
 A−1 + B+1,
where A and B denote the atomic species and the sub-
script 0,±1 denotes the atomic magnetic quantum num-
ber, as above. These processes can induce coherent het-
∗ pengzhang@ruc.edu.cn
eronuclear spin dynamics [27, 28] and significantly influ-
ence the quantum phases of the two-species spin-1 BEC
[29–34]. In the experiments one can control most of the
above spin-changing processes via the bias magnetic field.
Explicitly, to enhance one specific process, one can just
tune the magnetic field to a particular value so that the
total Zeeman energy of the two atoms before this pro-
cess is close to the one after this process, i.e., the ini-
tial and finial two-atom spin state of this process is near
“resonant” with each other. Using this technique Li et
al. successfully observed the spin-exchanging processes
A0 + B±1 
 A±1 + B0 in the mixture of ultracold 87Rb
and 23Na atoms [24].
The process A+1 + B−1 
 A−1 + B+1, which is also
called as the “singlet-paring process”, In this process
magnetic quantum number of each atom can be changed
by ±2, while in all other processes 〈1〉 − 〈6〉 the single-
atom magnetic quantum number can only be changed by
±1. However, this interesting process cannot be con-
trolled via the the above approach. This can be ex-
plained as following. As shown below (Sec. III. A),
for the singlet-paring process the above Zeeman-energy
“resonant” condition can be satisfied only when the bias
magnetic field is zero. Nevertheless, in this case such
“resonant” condition is also satisfied for all other spin-
changing processes. As a result, the singlet-paring pro-
cess would be mixed with other processes and thus cannot
be clearly detected. Moreover, the singlet-paring process
is very weak. For instance, its strength is only 0.8% com-
pare to the strength of other spin-exchange processes for
the 87Rb-23Na mixture. Due to these facts, so far this
process has not been clearly observed in the experiments,
and it is difficult to precisely measure the corresponding
interaction strength.
In this work we propose an approach to effectively con-
trolling the singlet-pairing process. Our basic idea is to
apply both the real magnetic field and the synthetic mag-
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2netic field (SMF), which is induced by the vector light
shift of a circular-polarized laser beam [24, 35]. In this
case the total “effective magnetic field” experienced by
each atom would be the summation of the real magnetic
field and the SMF. An important property of the SMF
is that it is species-dependent. As a result, in the pres-
ence of the SMF the total “effective magnetic field” ex-
perienced by atoms of different species would be differ-
ent, and can be independently controlled. Therefore, one
can tune the system to some points where the singlet-
pairing process is energetically resonant, while the other
spin-changing processes are far-off resonant. Around this
point the singlet-pairing process can be significantly en-
hanced and isolated from other processes.
In previous experiments of ultracold 87Rb and 23Na
atoms [24, 25] the SMF has been illustrated for the ma-
nipulation of the spin-exchange process A0 + B−1 

A−1 + B0 and the spin-mixing process A0 + B0 
 A+1 +
B−1. Nevertheless, in the absence of the SMF, these two
processes can still be enhanced via real magnetic fields,
with the “resonant” method mentioned above. The ex-
periments in Refs. [24, 25] show that in the presence of
the SMF the values of the real magnetic field required
to enhance these two processes are shifted. For our case,
as shown above, one cannot enhance the singlet-pairing
process and simultaneously isolate it from other processes
only with the real magnetic field. Thus the application
of the SMF is necessary.
In the following sections we take the mixture of ultra-
cold 87Rb and 23Na atoms as an example, and illustrate
our approach for both a confined two-atom system and
the binary mixture of BECs of 87Rb and 23Na atoms.
Our approach can be used for the observation and ma-
nipulation of the singlet-paring process, the precise mea-
surement of the corresponding interaction intensity, as
well as the entanglement generation of two different spin-
1 ultracold atoms.
The remainder of this article is organized as follows.
In Sec. II we introduce the inter-atomic interactions and
related spin-changing processes of the mixture of ultra-
cold 87Rb and 23Na atoms. In Sec. III our proposal for
the manipulation of singlet-pairing process is introduced.
In Secs. IV and V we further illustrate our proposal for a
confined two-atom system and a binary mixture of BECs,
respectively. A summary for our results and some dis-
cussions are given in Sec. VI. In the appendix we present
some details of our calculation.
II. SPIN-CHANGING SCATTERING PROCESS
BETWEEN ULTRACOLD SPIN-1 BOSONS
We consider the mixture of ultracold spin-1 87Rb and
23Na atoms at low magnetic field. In this system the
inter-atomic interaction seriously depends on the atomic
species. Explicitly, when the two atoms are of the same
species j (j =Rb and Na for 87Rb and 23Na, respectively)
the interaction is given by [1, 2]
Uˆj(r) =
(
αj + βjFˆ1 ˆ·F2
)
δ(r), (1)
when the two atoms are of different species the interac-
tion is given by [24]
UˆRb−Na(r) =
(
α+ βFˆ1 · Fˆ2 + γPˆ0
)
δ(r). (2)
Here r is the inter-atomic relative coordinate, Fˆ1 and Fˆ2
are the respective spin operators of the two atoms, and
Pˆ0 is the projection operator for the two-body hyperfine
state corresponding to total spin Fˆtot ≡ Fˆ1 + Fˆ2 = 0.
The interaction intensities (αj , βj , α, β, γ) (j =Rb, Na)
are given by
αj =
(
4pi~2
3Mj
)(
a
(0)
j + 2a
(2)
j
)
; (3)
βj =
(
4pi~2
3Mj
)(
a
(2)
j − a(0)j
)
; (4)
and
α =
(
pi~2
µ
)(
a
(0)
Rb−Na + 2a
(2)
Rb−Na
)
; (5)
β =
(
pi~2
µ
)(
a
(2)
Rb−Na − a(1)Rb−Na
)
; (6)
γ =
(
pi~2
µ
)(
2a
(0)
Rb−Na − 3a(1)Rb−Na + a(2)Rb−Na
)
. (7)
Here Mj and a
(Ftot)
j (j =Rb, Na; Ftot = 0, 2) are the
mass and s-wave scattering length of a single atom of
type j, respectively; while µ and a
(Ftot)
Rb−Na (Ftot = 0, 1, 2)
are the reduced mass and s-wave scattering length of two
atoms of different species with total spin Ftot, respec-
tively. Previous measurements show that (αRb, βRb) =
4pi~2a0
MRb
(100.9,−0.47) [2], (αNa, βNa) = 4pi~2a0MNa (52.66, 1.88)
[36]. The theoretical calculations show that (α, β) =
2pi~2a0
µ (78.9,−2.5) and γ = (0.06) 2pi~
2a0
µ [24, 37], with
a0 being the Bohr radius.
Since both 87Rb and 23Na atoms are considered in the
F = 1 hyperfine manifold, each atom has three hyperfine
states corresponding to magnetic quantum number m =
0,±1. The above two-body interactions can induce the
following seven spin-changing scattering processes:
〈1〉 βRb : Rb−1 + Rb+1 
 Rb0 + Rb0;
〈2〉 βNa : Na−1 + Na+1 
 Na0 + Na0;
〈3〉β − γ/3 : Rb−1 + Na+1 
 Rb0 + Na0;
〈4〉β − γ/3 : Rb+1 + Na−1 
 Rb0 + Na0; (8)
〈5〉 β : Rb0 + Na+1 
 Rb+1 + Na0;
〈6〉 β : Rb0 + Na−1 
 Rb−1 + Na0;
〈7〉 γ/3 : Rb−1 + Na+1 
 Rb+1 + Na−1
(singlet pairing).
3In Eq. (8) we also show the corresponding interaction in-
tensity before each reaction equation, and the subscripts
of ±1, 0 denote the magnetic quantum number m of each
atom. For instance, in the process 〈1〉 the magnetic quan-
tum numbers (m1,m2) of the two
87Rb atoms atoms can
be changed from (−1,+1) to (0, 0) and vice versa. The
processes 〈1, 2〉 and 〈3〉 − 〈7〉 are intra-species and inter-
species spin-changing collisions, respectively.
The above process 〈7〉 is the singlet-pairing process
[26], as mentioned above. In this process the magnetic
quantum number of each atom can be changed by ±2,
while in all other processes 〈1〉−〈6〉 the single-atom mag-
netic quantum number can only be changed by ±1. In
the following section we show our approach for the laser
control of this process.
III. CONTROL OF SINGLET-PAIRING
PROCESS VIA LASER-INDUCED SMF
In this work consider the cases with low magnetic
field (less than four Gauss). Under this condition no
magnetic Feshbach resonance [37, 38] for our system
has been discovered, and thus the interaction intensities
(αj , βj , α, β, γ) (j =Rb, Na) cannot be changed via the
magnetic field. Nevertheless, one can still efficiently con-
trol the spin-changing processes by changing the detun-
ing between the two-atom Zeeman-energies before and
after each process. This detuning can be denoted as ∆〈l〉
for the process 〈l〉 (l = 1, 2, ..., 7). For instance, for the
singlet-pairing process 〈7〉 we have
∆〈7〉 =
(
E
(Rb)
−1 + E
(Na)
+1
)
−
(
E
(Rb)
+1 + E
(Na)
−1
)
, (9)
with E
(j)
m (j =Rb, Na; m = 0,±1) being the free en-
ergy of a j-atom with magnetic quantum number m. For
our weakly-interacting systems, the effect of the spin-
changing process 〈l〉 (l = 1, 2, ..., 7) is usually significant
when ∆〈l〉 = 0, i.e., when the hypferfine states before
and after the scattering are resonant with each other.
Accordingly, the effect of process 〈l〉 is weak when the
detuning ∆〈l〉 is far away from zero.
Our purpose of this work is to enhance the effect of the
singlet-pairing process 〈7〉 and simultaneously suppress
the effect of other processes. According to the above dis-
cussion, we can realize this by tuning the detuning ∆〈7〉
to zero while keeping the detunings for other processes
to finite, i.e.,
∆〈7〉 = 0; (10)
∆〈l〉 6= 0 for l = 1, ..., 6. (11)
A. The case only with the real magnetic field
We first consider the case without laser-induced
species-dependent SMF. In this case the free energies
E
(j)
m (j =Rb, Na; m = 0,±1) as well as the detunings
2S1/2
2P1/2
2P3/2
F = 1
Bez
σ+
σ+
σ+
−1
0
+1
ΔFS
FIG. 1. (Color online) Schematic diagram for the laser-
induced SMF for a spin-1 ultracold alkaline atom, i.e., the
result in Eq. (14). The solid blue lines are the Zeeman lev-
els of the 2S1/2 states with F = 1 for the case without the
laser beam, which is totally determined by the real magnetic
field Bez. The dashed blue lines are the levels with both the
real magnetic field and a σ+-polarized laser beam. ∆FS is the
fine-splitting of the 2P3/2 and
2P1/2 levels.
∆〈l〉 (l = 1, 2, ..., 7) can only be tuned via the real mag-
netic field Bez, with ez being the unit vector along the
z-direction. Explicitly, we have
E(j)m = −p(j)mB + q(j)m2B2 (j = Rb, Na). (12)
Here the first and second terms are the linear and
quadratic Zeeman effects, respectively, with p(j) and
q(j) being the corresponding coefficients. Explicitly, we
have (p(Rb), p(Na))/h = (702369, 702023) (Hz/G) and
(q(Rb), q(Na))/h = (72, 277) (Hz/G2) [39, 40].
According to Eq. (12) and Eq. (9), the detuning ∆〈7〉
for the singlet-pairing process 〈7〉 is
∆〈7〉 = 2
(
p(Rb) − p(Na)
)
B. (13)
Since p(Rb) 6= p(Na), Eq. (13) yields that ∆〈7〉 is zero
only when B = 0. However, according to Eq. (12), in
this case the detunings ∆〈1,..,6〉 of other spin-changing
processes are all zero. Therefore, the conditions (10) and
(11) cannot be satisfied simultaneously only with the real
magnetic field.
B. Our proposal
Now we show our proposal for the control of the singlet
pairing process. We assume that in our system there
is not only the weak real magnetic field Bez but also
a laser beam with σ+- or σ−-polarization, which is far
off resonant for the D1 and D2 transitions of atom of
both 87Rb atom and 23Na atom. As shown in Fig. 1,
this beam can induce an AC-Stark energy shift δE
(j)
m
for the hyperfine state of a j-atom (j =Rb, Na) with
4magnetic quantum number m (m = 0,±1). Here we
emphasis that the value of δE
(j)
m depends on both the
atomic species j and magnetic quantum number m. The
dependence of δE
(j)
m on m is essentially due to the fine
splitting bewteen the D1 and D2 transitions, i.e., the
energy gap ∆FS between the
2P1/2 and
2P3/2 states of
an alkaline atom [35]. When the detunings of the laser
beam for the D1 and D2 transitions are much larger than
∆FS, for our system δE
(j)
m (j =Rb, Na) can be expressed
as
δE(j)m = S
(j)I − χV (j)mI, (14)
(χ = ±1 for laser beam with σ± polarization)
with I being the laser intensity. In the right-hand-side of
Eq. (14) the m-independent term and the linear term of
m are called as scalar and vector light shifts, respectively.
The coefficients S(j) and V (j) (j =Rb, Na) are deter-
mined by the laser frequency and the electronic dipole-
transition matrix element of the j-atom. If the laser
beam has σ−-polarization, the result is quite similar. The
derivation of Eq. (14) and the general introduction for
the vector light shift can be found in the review article
[35] and the references therein.
Combining Eq. (14) and Eq. (12), we can obtain the
energy of a j-atom (j =Rb, Na) with magnetic quan-
tum number m (m = 0,±1) in the presnece of both real
magnetic field B and laser-induced vector light shift:
E(j)m = S
(j)I − p(j)m
(
B +B
(j)
L
)
+ q(j)m2B2,
(j = Rb, Na), (15)
where the factor B
(j)
L is defined as
B
(j)
L = χ
V (j)
p(j)
I, (16)
and describes the contribution from the vector light shift.
It is clear that the effect of the vector light shift is same
as the linear Zeeman shift given by a synthetic magnetic
field (SMF) B
(j)
L ez (j=Na, Rb).
Eqs. (15) and (9) yield that in the presence of the
the laser beam, the detuning ∆〈7〉 for the singlet pairing
process becomes
∆〈7〉 = 2
(
p(Rb) − p(Na)
)
B
+2
(
p(Rb)B
(Rb)
L − p(Na)B(Na)L
)
. (17)
Therefore, the resonance condition ∆〈7〉 = 0 for the sin-
glet pairing process can be satisfied under a finite real
magnetic field, i.e., when
B = B0 ≡− 12
(
B
(Rb)
L +B
(Na)
L
)
+R
(
B
(Na)
L −B(Rb)L
)
,
(18)
with the ratio R being defined as
R =
p(Rb) + p(Na)
2
(
p(Rb) − p(Na)) . (19)
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FIG. 2. (Color online) (a): The detuning ∆〈7〉 as a function
of real magnetic field B, for the cases with laser-induced SMF
B
(Na)
L = 0 and B
(Rb)
L = 0 (red solid line), B
(Rb)
L = −1 mG
(black solid line), B
(Rb)
L = +1 mG (blue solid line). (b): The
detunings ∆〈1,...7〉 for all the seven spin-changing processes as
a function of B
(Rb)
L , for the cases with B
(Na)
L = 0 and the real
magnetic field B=2.03 G.
As shown above, the values of p(Rb) and p(Na) are very
close to each other. Due to this fact, the ratio R in Eq.
(18) is very large:
R ≈ 2.03× 103. (20)
In the following discussions, for simplicity, we assume
that B
(Na)
L is negligibly small, while B
(Rb)
L is much larger
than B
(Na)
L . This is easy to be realized because
87Rb and
23Na atoms have very different electronic structures [24].
In this case we can only take into account B
(Rb)
L in our
calculations. Thus, according to Eqs. (18) and (20), the
resonance point B0 for the singlet pairing process is
B0 ≈ −
(
1
2
+R
)
B
(Rb)
L ≈ −2030×B(Rb)L . (21)
In realistic experiments, the laser-induced SMF B
(Rb)
L
is usually of the order of milli Gauss (mG) or even weaker,
so that the laser-induced heating effect is not too strong.
Nevertheless, Eq. (21) shows that in the presence of
this weak SMF we can realize the resonance condition
∆〈7〉 = 0 under a real magnetic field B0 which is as large
as several Gauss. On the other hand, at such a large
real magnetic field, the detuning ∆〈1,...,6〉 for other spin-
changing processes can be large enough. Therefore, the
conditions (10) and (11) can be satisfied simultaneously.
This is the basic principle of our proposal.
We illustrate the above principle in Fig. 2. In Fig. 2(a)
we show the variation of the detuning ∆〈7〉/h with real
5magnetic field B, for the cases with different laser-
induced synthetic magnetic field B
(Rb)
L . It is shown that
with the help of B
(Rb)
L we can realize ∆〈7〉 = 0 for
B 6= 0. In Fig. 2(b) we illustrate the detunings ∆〈l〉/h
(l = 1, ..., 7) of all spin-changing scattering processes as
functions of the laser-induced magnetic field B
(Rb)
L , for
the case with real magnetic field B=2.03G. It is clearly
shown that by changing B
(Rb)
L one can tune ∆〈7〉 to be
zero while keep the detunings ∆〈1,...6〉/h of other pro-
cesses to be as large as several kHz.
IV. SPIN OSCILLATION OF TWO TRAPPED
ATOMS
In the above section we show our approach for the con-
trol of singlet-pairing process via a light-induced SMF.
Now we apply this approach on a simple system with one
87Rb and one 23Na atom. We assume these two atoms
are confined in an isotropic harmonic trap, e.g., an opti-
cal tweezer or a site of an optical lattice, with the same
angular frequency ω for each atom. Thus, the center-of-
mass motion is decoupled with the relative motion, and
in our calculation we can only consider the quantum state
of two-body relative motion and spin. The Hilbert space
H of our system is given by H = Hr ⊗ HsRb ⊗ HsNa,
with Hr being the Hilbert space for the two-atom spatial
relative motion, and Hsj (j =Rb, Na) being the one for
the internal state of the j-atom. Here we use the symbol
|〉〉 to denote the state in H, |〉r for state in Hr, and |m〉j
(j =Rb, Na) for the state in Hsj with magnetic quantum
number m.
As in Sec. III, in our calculation we only take into
account the real magnetic field B and the laser-induced
SMF B
(Rb)
L for the
87Rb atom, and assume the laser-
induced SMF for the 23Na is negligible. Accordingly, the
Hamiltonian for our problem is
Hˆ = Hˆho + UˆRb−Na(r) + Zˆ
(
B,B
(Rb)
L
)
, (22)
with
Hˆho =
pˆ2
2µ
+
µ
2
ω2r2, (23)
where pˆ is the relative-momentum operator of the two
atoms, µ and r are the reduced mass and relative posi-
tion of these two atoms as before, and the inter-species
interaction UˆRb−Na(r) is given by Eq. (2). Here the r-
independent operator Zˆ(B,B
(Rb)
L ) describes the influence
of the real and synthetic magnetic field on the energy of
atomic spin states, and can be expressed as
Zˆ
(
B,B
(Rb)
L
)
=
∑
m,m′
(
E(Rb)m + E
(Na)
m′
)
|m〉Rb〈m| ⊗ |m′〉Na〈m′|,
(24)
⟨7⟩
⟨3⟩ ⟨4⟩
|0⟩Rb |0⟩Na
Δ⟨3⟩ − β′ Δ⟨4⟩ − β′ 
Δ⟨7⟩
(a)
g⟨7⟩
g⟨4⟩g⟨3⟩
g′ 
(b)
g⟨7⟩
| + 1⟩Rb | − 1⟩Na| − 1⟩Rb | + 1⟩Na
|0⟩Rb |0⟩Na
| − 1⟩Rb | + 1⟩Na | + 1⟩Rb | − 1⟩Na
FIG. 3. (Color online) (a): A schematic illustration for the
spin dynamics of a 87Rb atom (red ball) and a 23Na atom
(blue ball) confined in an isotropic Harmonic trap. Here we
also show the effective detunings ∆〈3,4〉−β′ for the processes
〈3, 4〉 and ∆〈7〉 for the process 〈7〉 (see Sec. IV). (b): Under
the condition (34) the state |0〉Rb|0〉Na can be adiabatically
eliminated. In this case the states | − 1〉Rb| + 1〉Na and | +
1〉Rb| − 1〉Na experiences both the direct coupling g〈7〉 and an
effective coupling g′ which is given by the virtual transitions
between these two states and |0〉Rb|0〉Na (i.e., the off-resonant
processes 〈3, 4〉).
where both m and m′ can take value (0,±1) and the
energy E
(j)
m (j =Rb, Na) is given by Eq. (15).
Furthermore, we assume the relative wave function of
the two atoms is initially prepared in the ground state
|0〉r of the Hamiltonian Hˆho defined in Eq. (23). The
interaction UˆRb−Na(r) can induce the transition between
|0〉r and the excited states of Hˆho. Nevertheless, the di-
rect calculation shows that these transitions can be ne-
glected when the inter-atomic scattering length a
(0,1,2)
Rb−Na
is much smaller than the characteristic length
aho ≡
√
~
µω
(25)
of the trap [41]. As shown above, the values of a
(0,1,2)
Rb−Na are
less than 100a0, while in almost all of the realistic exper-
iments the confinement characteristic length aho is larger
than 1000a0. Therefore, in the lowest-order calculation
we can neglect the transition between different spatial
states, i.e., assume the relative motion of the atoms is
frozen in the state |0〉r.
In addition, the inter-atomic interaction UˆRb−Na(r)
can also induce the transtion between different
hypferfine-spin states via the spin-changing processes
shown in Sec. II. Here we consider the system where
the 87Rb atom and 23Na atom are prepared in hyperfine
spin states |−1〉Rb and |+1〉Na, respectively. In this case,
only the processes 〈3〉, 〈4〉 and 〈7〉 can occur during the
6evolution, as shown in Fig. 3(a). As a result, the state at
time t can be expressed as
|Ψ(t)〉〉 =
∑
{m,m′}
Cm,m′(t)|0〉r ⊗ |m〉Rb ⊗ |m′〉Na, (26)
where {m,m′} can take the values {−1,+1}, {0, 0} and
{+1,−1}. Furthermore, by projecting the Schro¨dinger
equation in the subspace spanned by the three states
|0〉r⊗|m〉Rb⊗|m′〉Na involved in Eq. (26), we can obtain
the equation for the coefficients Cm,m′(t) (up to a global
phase factor):
i~
d
dt
 C−1,+1C0,0
C+1,−1
 =M
 C−1,+1C0,0
C+1,−1
 , (27)
where the matrix M is given by
M =
 −β′ g〈3〉 g〈7〉g〈3〉 −∆〈3〉 g〈4〉
g〈7〉 g〈4〉 −β′ −∆〈7〉
 , (28)
with the detunings ∆〈3,7〉 being defined in Sec. III. In
Eq. (28) the effective spin-changing intensities g〈3,4,7〉
are given by the projection of the inter-atomic interaction
UˆRb−Na(r) on the ground state |0〉r of the relative spatial
motion, and can be expressed as
g〈3〉 = g〈4〉 = β′ − γ′/3; (29)
g〈7〉 = γ′/3. (30)
with
(α′, β′, γ′) =
1
pi3/2a3ho
(α, β, γ). (31)
With the help of the above equations we can obtain a
clear qualitative understanding for the spin dynamics of
these two atoms. In our system each of the spin-changing
process 〈3, 4, 7〉 can induce a quantum transition between
two spin states (Fig. 3), i.e.,
〈3〉 induces : | − 1〉Rb|+ 1〉Na ↔ |0〉Rb|0〉Na;
〈4〉 induces : |+ 1〉Rb| − 1〉Na ↔ |0〉Rb|0〉Na;
〈7〉 induces : |+ 1〉Rb| − 1〉Na ↔ | − 1〉Rb|+ 1〉Na.
Furthermore, using Eq. (28) and the fact ∆〈4〉 = ∆〈3〉 −
∆〈7〉, we find that the detuning δ〈l〉 of the transition in-
duced by the process 〈l〉 (l = 3, 4, 7) is given by
δ〈3,4〉 = ∆〈3,4〉 − β′ (32)
and
δ〈7〉 = ∆〈7〉, (33)
while the direct coupling intensity corresponding to this
transition is just g〈l〉. Thus, this transition is significant
when |δ〈l〉|  |g〈l〉|, and becomes negligible when |δ〈l〉| 
|g〈l〉|. As shown in Sec. III, this can be realized with the
help of the light-induced SMF B
(Rb)
L via our approach.
According to the above discussion, to enhance the
singlet-pairing process 〈7〉 and simultaneously suppress
the direct effect of the other two processes, one requires
to make
|δ〈7〉|  |g〈7〉|; |δ〈3,4〉|  |g〈3,4〉|. (34)
Explicitly, under this condition the state |0〉Rb|0〉Na can
be adiabatically eliminated and the coefficients C−1,+1(t)
and C1,−1(t) satisfy the effective Schro¨dinger equation
(up to a constant)
i~
d
dt
(
C−1,+1
C+1,−1
)
=
(
δ〈7〉 g〈7〉 + g′
g〈7〉 + g′ 0
)(
C−1,+1
C+1,−1
)
,
(35)
with
g′ = −
g2〈3〉
δ〈3〉
. (36)
Here we have used the facts g〈3〉 = g〈4〉 and δ〈3〉 ≈ δ〈4〉.
Eq. (35) shows that in addition to the direct coupling g〈7〉
induced by the process 〈7〉, the states | − 1〉Rb| + 1〉Na
and | + 1〉Rb| − 1〉Na also experiences an effective cou-
pling g′. This term is given by the virtual transitions
between these two states and the far-off resonant state
|0〉Rb|0〉Na, and is actually an indirect effect of the pro-
cesses 〈3, 4〉 (Fig. 3(b)). When |g〈7〉| is comparable with
or much larger than |g′|, the spin-changing process 〈7〉
makes considerable contribution for the the Rabi oscilla-
tion between |−1〉Rb|+1〉Na and |+1〉Rb|−1〉Na. There-
fore, one can observe the effect of the process 〈7〉 and
measure the corresponding interaction parameter γ with
the help of this Rabi oscillation.
As an example, we consider the case with trapping
frequency ω = 2pi × 40 kHz and a real magnetic field
B = 2.03G. According to the calculation in the above
section, for such a system when the laser-induced SMF
is tuned to B
(Rb)
L = −1mG, we have δ〈7〉/h = 0.022Hz =
0.054g〈7〉/h and |δ〈3,4〉| = 29|g〈3,4〉|. Therefore, in this
case the condition (34) is satisfied and thus the Rabi
oscillation | − 1〉Rb| + 1〉Na ↔ | + 1〉Rb| − 1〉Na can be
enhanced. To illustrate this effect, we exactly solve the
three-level Schro¨dinger equation (27) for the initial spin
state |−1〉Rb|+1〉Na, and show the time-evolution of the
populations for each spin state in Fig. 4(a). It is clearly
shown that the amplitudes of this Rabi oscillation (i.e.,
the amplitudes of the time oscillations of |C−1,+1(t)|2 and
|C+1,−1(t)|2) is almost unit, while the population of the
state |0〉Rb|0〉Na is almost zero. In Fig. 4(b), we show
the time oscillation of the population |C−1,1(t)|2 for var-
ious other values of the SMF B
(Rb)
L . It is clearly shown
that both the period and amplitude of the oscillations
are extremely sensitive to B
(Rb)
L .
Our further calculation shows that in this system we
have g′ = −4.3g〈7〉. Therefore, the singlet-pairing process
〈7〉 makes considerable and observable contribution for
the above Rabi oscillation, although it is still less than
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FIG. 4. (Color online) (a): |Cm,m′(t)|2 (m,m′ = 0,±1) given by the solution of Eq. (27) for initial spin state | − 1〉Rb|+ 1〉Na.
Here we consider the system with ω = 2pi×40 kHz, (α, β, γ) = 2pi~2a0
µ
(78.9,−2.5, 0.06), B = 2.03G, B(Rb)L = −1 mG and
B
(Na)
L = 0. (b): |C−1,+1(t)|2 for the system of (a), with B(Rb)L = −1 mG (red line), −1.002 mG (black line), −1.010 mG (blue
line). (c): |C−1,+1(t)|2 for the system of (a), with γ = (0.06) 2pi~2a0µ (red line), (0.12) 2pi~
2a0
µ
(blue line), (0.18) 2pi~
2a0
µ
(black
line). (d): The amplitude A and period τ of the time oscillation of the profile of |C−1,+1(t)|2 as a function of the interaction
parameter γ. Other parameters are same as (a).
the contribution from the indirect coupling g′ because of
the extremely-weak interaction parameter γ of the 23Na-
87Rb mixture (γ ≈ 0.024β = (0.06) 2pi~2a0µ , as shown in
Sec. II). in Fig. 4(c), we show the time oscillation of the
population |C−1,1(t)|2 for various other values of γ, which
are near the above realistic one. It is clearly shown that
the period τ of this oscillation seriously depends on γ.
Therefore, one can precisely measure the value of γ by
detecting τ . In Fig. 4(d), we further illustrate the period
τ and the amplitude A of the Rabi oscillation |− 1〉Rb|+
1〉Na ↔ | + 1〉Rb| − 1〉Na as functions of γ, respectively.
It is shown that if γ were taking a particular value γ∗ ≡
(0.26) 2pi~
2a0
µ , we would have τ = ∞ and A = 0, i.e.,
this Rabi oscillation would be totally suppressed. That
is just because for our system the coupling parameters
g〈7〉 and g′ satisfy g〈7〉 + g′ = 0 for γ = γ∗. Namely,
there is a completely destructive interference between the
direct and indirect transitions from | + 1〉Rb| − 1〉Na to
|− 1〉Rb|+ 1〉Na, which are induced by the singlet-pairing
process 〈7〉 and the virtual processes through |0〉Rb|0〉Na,
respectively. In the region around γ = γ∗, the period τ
and the amplitude A sensitively dependent on the value
of γ, and thus can be used for the precise measurement
this interaction parameter [42].
V. BINARY MIXTURES OF SPIN-1 BECS
Now we study the control of the singlet-pairing process
in a two-species BEC of spin-1 87Rb and 23Na atoms
with our approach. As in the above sections, we as-
sume our system is confined in an isotropic harmonic
trap, and there are both a real magnetic field and a
laser-induced SMF. As shown in Appendix A, under the
mean-field and single-mode approximations [1, 2, 43–48],
the states of 87Rb and 23Na BECs can be described by
three-component wave functions
ψ(r)
 ξ−1(t),ξ0(t),
ξ+1(t)
 and φ(r)
 ζ−1(t),ζ0(t),
ζ+1(t)
 , (37)
respectively. The spatial wave functions ψ(r) and
φ(r), which are normalized to unit, are determined
by the Gross-Pitaevskii equations (A7, A8). In addi-
tion, the spin states of the 87Rb and 23Na BECs are
described by the time-dependent complex row vectors
[ξ−1(t), ξ0(t), ξ+1(t)]T and [ζ−1(t), ζ0(t), ζ+1(t)]T, respec-
tively, which satisfy the normalization condition
∑
m=0,±1
|ξm|2 =
∑
m=0,±1
|ζm|2 = 1. (38)
The time evolution of the components ξm(t) and ζm(t)
(m = 0,±1), i.e., the spin dynamics of the 87Rb and 23Na
BECs, are determined by the equations (Appendix A):
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FIG. 5. (Color online) (a): The time evolution of the populations |ξm(t)|2 and |ζm(t)|2 (m = 0,±1), which are given by the
numerical solution of Eqs. (39-42) under the initial conditions (47, 48). Other details of our calculation are shown in the main
text of Sec. V. (b): The time evolution of the relative magnetization M(t) for the system of (a).
ı~ξ˙±1 = E(Rb)±1 ξ±1 + β¯Rb
[(|ξ±1|2 + |ξ0|2 − |ξ∓1|2) ξ±1 + ξ20ξ∗∓1]
+β¯(Na)
[(|ζ±1|2 − |ζ∓1|2) ξ±1 + ζ±1ξ0ζ∗0 + ζ0ξ0ζ∗∓1]+ γ¯(Na)3 (ζ∓1ξ±1 + ζ±1ξ∓1 − ζ0ξ0) ζ∗∓1; (39)
ı~ξ˙0 = E(Rb)0 ξ0 + β¯Rb
[(|ξ+1|2 + |ξ−1|2) ξ0 + 2ξ+1ξ−1ξ∗0]
+β¯(Na)
[
ζ0ξ+1ζ
∗
+1 + ζ0ξ−1ζ
∗
−1 + (ζ−1ξ+1 + ξ−1ζ+1) ζ
∗
0
]
+
γ¯(Na)
3
(−ζ−1ξ+1 + ζ0ξ0 − ζ+1ξ−1) ζ∗0 ; (40)
ı~ζ˙±1 = E(Na)±1 ζ±1 + β¯Na
[(|ζ±1|2 + |ζ0|2 − |ζ∓1|2) ζ±1 + ζ20ζ∗∓1]
+β¯(Rb)
[(|ξ±1|2 − |ξ∓1|2) ζ±1 + ξ±1ζ0ξ∗0 + ξ0ζ0ξ∗∓1]+ γ¯(Rb)3 (ζ∓1ξ±1 + ξ∓1ζ±1 − ζ0ξ0) ξ∗∓1; (41)
ı~ζ˙0 = E(Na)0 ζ0 + β¯Na
[(|ζ+1|2 + |ζ−1|2) ζ0 + 2ζ+1ζ−1ζ∗0 ]
+β¯(Rb)
[
ξ0ζ+1ξ
∗
+1 + ξ0ζ−1ξ
∗
−1 + (ξ−1ζ+1 + ξ+1ζ−1) ξ
∗
0
]
+
γ¯(Rb)
3
(−ζ−1ξ+1 + ξ0ζ0 − ζ+1ξ−1) ξ∗0 , (42)
with the effective interaction strengths being defined as
β¯Rb = βRbNRb
ˆ
dr|ψ(r)|4, (43)
β¯Na = βNaNNa
ˆ
dr|φ(r)|4, (44)
β¯(Rb,Na) = βNRb,Na
ˆ
dr|ψ(r)|2|φ(r)|2, (45)
γ¯(Rb,Na) = γNRb,Na
ˆ
dr|ψ(r)|2|φ(r)|2. (46)
Here Nj (j = Na, Rb) are the number of the j-atoms. In
Eqs. (39-42) the effective Zeeman energies E
(j)
0,±1 (j =Na,
Rb) are functions of the real magnetic field B and the
laser-induced SMF B
(Na,Rb)
L , as defined in Eq. (15).
Therefore, one can control these energies, and thus the
detunings ∆〈l〉 (l = 1, ..., 7) for the spin-changing pro-
cess, via B and B
(Na,Rb)
L . As mentioned in Sec. I, we can
enhance the singlet-pairing process 〈7〉 by tuning B and
B
(Na,Rb)
L to the proper values where this process is res-
onant while the other spin-changing processes are far-off
resonant, i.e., the conditions (10, 11) are satisfied.
To illustrate the above technique, we investigate the
spin dynamics for the case with B=2.03G, B
(Rb)
L =-1mG
and B
(Na)
L is negligible, where the conditions (10, 11) can
be satisfied. In our calculation we assume ωRb = 2pi×200
Hz, ωNa = 2pi × 500 Hz, and NRb = NNa = 4 × 104,
and derive the atomic probability densities |ψ(r)|2 and
|φ(r)|2 via the Thomas-Fermi approximation (Appendix
B). As a result, the effective spin-singlet pairing inter-
action strength is γ¯(Rb,Na)/h = 0.965 Hz and the corre-
sponding chemical potentials are µRb/h = 3970 Hz and
µNa/h = 6093 Hz (see Eqs. (A7-A8)). We numerically
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FIG. 6. (Color online) The time evolution of the relative mag-
netization M(t). (a): Cases with γ = (0.06) 2pi~
2a0
µ
(orange
line), γ = (0.12) 2pi~
2a0
µ
pi (blue line), and γ = (0.18) 2pi~
2a0
µ
(black line). Other parameters are same as Fig. (5). (b):
Cases with initial relative phase factor arg [ζ−1(t = 0)] =
0 (blue line), arg [ζ−1(t = 0)] = 0.5pi (orange line) and
arg [ζ−1(t = 0)] = pi (black line). Other parameters are same
as Fig. (5).
solve Eqs. (39)-(42) for this system, under the initial
condition  ξ−1(t = 0)ξ0(t = 0)
ξ+1(t = 0)
 =
 √0.45√0.10√
0.45
 ; (47)
 ζ−1(t = 0)ζ0(t = 0)
ζ+1(t = 0)
 =
 √0.45ı√0.10√
0.45
 . (48)
Namely, 90% of the atoms are assumed to be initially
prepared in the states with m = ±1. In Fig. 5(a, b) we
show the time evolution of the populations of 87Rb and
23Na atoms in each spin state, i.e., the functions |ξm(t)|2
and |ζm(t)|2 (m = 0,±1). It is shown that each popula-
tion rapidly oscillates with time with a small amplitude,
around a slowly-varying central profile. The rapidly-
oscillating details of these functions are essentially due
to the nonlinearity of Eqs. (39)-(42). In the following
we will only focus on the behaviors of the slowly-varying
central profiles which give coarse-grained descriptions for
the spin dynamics.
Fig. 5(a, b) clearly shows that for each type of atom,
the central profiles of populations |ξ0(t)|2 and |ζ0(t)|2 of
the states with m = 0 almost do not change with time.
Thus the spin-changing processes 〈1, ..., 6〉 defined in Eq.
(8), in which the states with m = 0 are involved, are
all suppressed. On the other hand, Fig. 5(a, b) also
show that the central profiles of |ξ±1(t)|2 and |ζ±1(t)|2
significantly oscillate with time. This behavior implies
that the singlet-pairing process 〈7〉 is very apparent in
our system. This result is shown more clearly in Fig.
5(c), where we plot the relative magnetization
M(t) =
[|ξ+1(t)|2 − |ξ−1(t)|2]+ [|ζ+1(t)|2 − |ζ−1(t)|2] ,
(49)
i.e., the population-difference of the states before and af-
ter the process 〈7〉, as a function of time. It is shown
that the central profile of M(t) oscillates around zero
with a significant amplitude. In Fig. 6(a) we further
show M(t) for various value of interaction intensity γ.
It is shown that, as in the two-body cases, the ampli-
tude and period of the time oscillation of M(t) clearly
depends on the value of γ. Moreover, in our system
the time evolution of M(t) also depends on the com-
plex phase factors of the initial state, i.e., arg[ξm(t = 0)]
and arg[ζm(t = 0)] (m = 0,±1). It is clear that in our
above calculations with initial condition (47, 48), we have
taken arg [ζ−1(t = 0)] = 0.5pi and arg[ξ0,±1(t = 0)] =
arg[ζ0,+1(t = 0)] = 0. As shown in Fig. 6 (b) these ini-
tial phase factors are modified, the behavior of M(t) is
also seriously changed.
VI. CONCLUSIONS AND DISCUSSIONS
In this work we propose an approach for the enhance-
ment and control of the singlet-pairing process between
two ultracold spin-1 atoms of different species, which is
based on the combination of the real magnetic field and
a laser-induced specie-dependent SMF. Taking the mix-
ture of ultracold 87Rb and 23Na atoms as an example, we
illustrate our approach for both a confined two-body sys-
tem and a two-species spin-1 BEC. It is shown that the
singlet-pairing process can be enhanced while the other
spin-changing process are suppressed, although the in-
teraction intensity corresponding to the former one is
extremely weak. Therefore, our approach can be used
for the observation of the singlet-pairing process and the
precise measurement of the corresponding interaction pa-
rameter, as well as the entanglement generation of two
different atoms. Our method also can be applied to other
atomic mixture systems in recently experiments, such as
7Li-23Na mixture [10] and 7Li-87Rb mixture [26].
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Appendix A: Derivation of spin dynamic equations in Eq. (42)
We consider the mixture of BECs of spin-1 87Rb BEC and 23Na BEC atoms with the real magnetic field and the
laser induced species-dependent SMF. The many-body Hamiltonian of our system is given by [28, 37]
Hˆ = HˆRb + HˆNa + HˆRb−Na, (A1)
where
HˆRb =
ˆ
dr
[
Ψˆ†m
(
− ~
2∇2
2MRb
+ VRb(r) + E
(Rb)
m
)
Ψˆm +
αRb
2
Ψˆ†i Ψˆ
†
jΨˆjΨˆi +
βRb
2
Ψˆ†i Ψˆ
†
kFν,ijFν,klΨˆjΨˆl
]
,
HˆNa =
ˆ
dr
[
Φˆ†m
(
− ~
2∇2
2MNa
+ VNa(r) + E
(Na)
m
)
Φˆm +
αNa
2
Φˆ†i Φˆ
†
jΦˆjΦˆi +
βNa
2
Φˆ†i Φˆ
†
kFν,ijFν,klΦˆjΦˆl
]
,
HˆRb−Na =
ˆ
dr
[
αΨˆ†i Φˆ
†
jΦˆjΨˆi + βΨˆ
†
i Φˆ
†
kFν,ijFν,klΦˆlΨˆj + γ
(−1)i+j
3
Ψˆ†i Φˆ
†
−iΦˆ−jΨˆj
]
. (A2)
Here the repeated subscripts means summations for i, j, k, l,m = ±1, 0 and ν = x, y, z. Ψˆm(r) and Φˆm(r) (m = 0,±1)
are the annihilation operators of 87Rb and 23Na atom with magnetic quantum number m at position r. VRb(r)
and VNa(r) are the trapping potentials for
87Rb and 23Na atoms, respectively. The interaction strength coefficients
αNa,Rb, βNa,Rb, α, β and γ are defined in Eqs. (3-7), and Fν=x,y,z are the spin-1 matrices
Fx =
1√
2
 0 1 01 0 1
0 1 0
 , Fy = 1√
2
 0 −ı 0ı 0 −ı
0 ı 0
 , Fz = 1√
2
 1 0 00 0 0
0 0 −1
 . (A3)
Now we apply the mean-field approximation for our system, under which each atom of the same species is in
the same one-body state. Furthermore, since in our system the spin-independent interaction intensities (i.e., the
α-parameters) are much stronger than the spin-dependent interaction intensities (i.e., the β-parameters and γ), we
further use single-mode approximation (except some dynamical mean-field induced resonant regimes [47, 48]) under
which the spatial wave function of each atom is spin-independent, and is only determined by the spin-independent
interaction. In our calculations based on the above approximations, each 87Rb atom is in the same state corresponding
to the wave function
ψ(r)
[ ∑
m=0,±1
ξm(t)|m〉Rb
]
, (A4)
and each 23Na atom is in the same state corresponding to the wave function
φ(r)
[ ∑
m=0,±1
ζm(t)|m〉Na
]
, (A5)
with ˆ
dr|ψ(r)|2 =
ˆ
dr|φ(r)|2 =
∑
m
|ξm|2 =
∑
m
|ζm|2 = 1. (A6)
Here the spatial wave functions ψ(r) and φ(r) are determined by the Gross-Pitaevskii equations for the system without
the spin-independent interactions:[
− ~
2∇2
2MRb
+ VRb(r) + αRbNRb|ψ(r)|2 + αNNa|φ(r)|2
]
ψ(r) = µRbψ(r), (A7)[
− ~
2∇2
2MNa
+ VNa(r) + αNaNNa|φ(r)|2 + αNRb|ψ(r)|2
]
φ(r) = µNaφ(r), (A8)
where NRb and NNa are the numbers of
87Rb and 23Na atoms, respectively, and µRb and µNa are the corresponding
chemical potentials. It is clear that the wave functions (A4, A5) are just the ones in Eq. (37) of Sec. V.
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Now we derive the dynamical equation for the coefficients ξm(t) and ζm(t) (m = 0,±1). Under the above mean-field
and single-mode approximations, the time-dependent many-body state |Q(t)〉 of our system can be expressed as
|Q(t)〉 = 1√
NRb!
( ∑
m=±1,0
ξm
ˆ
drRbψ
∗(rRb)Ψˆ†m(rRb)
)NRb
⊗ 1√
NNa!
( ∑
m=±1,0
ζm
ˆ
drNaφ
∗(rNa)Φˆ†m(rNa)
)NNa
|vac〉,
(A9)
with |vac〉 being the vacuum state. Furthermore, the instantaneous average energy of our system on this many-body
sate can be expressed as a function of the coefficients ξm(t) and ζm(t), i.e.,
EMB[ξ0,±1(t); ξ∗0,±1(t); ζ0,±1(t); ζ
∗
0,±1(t)] ≡ 〈Q(t)|Hˆ|Q(t)〉. (A10)
Thus, using the time-dependent variational principle, we can obtain the dynamical equations for ξm(t) and ζm(t)
(m = 0,±1) (up to a global phase factor):
ı
d
dt
ξm(t) =
∂EMB
∂ξ∗m
; (A11)
ı
d
dt
ζm(t) =
∂EMB
∂ζ∗m
. (A12)
With straightforward calculations, one can find that Eqs. (A11, A12) for m = 0,±1 are just Eqs. (39-42) in our
maintext (up to a global phase factor).
Appendix B: Calculation of atomic probability densities via Thomas-Fermi approximation
In this appendix we derive the atomic probability densities |ψ(r)|2 and |φ(r)|2 via Thomas-Fermi approximation
[49, 50]. Under this approximation, the Gross-Pitaevskii equations in Eq. (A7, A8) can be simplified as[
VRb(r) + αRb|ψ(r)|2 + α|φ(r)|2
]
ψ(r) = µRbψ(r), (B1)[
VNa(r) + αNa|φ(r)|2 + α|ψ(r)|2
]
φ(r) = µNaφ(r). (B2)
Here we assume the atoms are in the isotropic harmonic trap with the frequency ωRb for
87Rb BEC and ωNa for
23Na
BEC, thus the trap potentials are VRb,Na = MRb,Naω
2
Rb,Nar
2/2. The solutions of these equations are
|ψ(r)|2 = 2µRbXRb − ω
2
Rbr
2YRb
2NRbZ
Θ (r − rtf,Rb) , (B3)
|φ(r)|2 = 2µRbXNa − ω
2
Rbr
2YNa
2NNaZ
Θ (r − rtf,Na) , (B4)
where Θ(z) is the step function which satisfies Θ(z) = 1 for z > 0 and Θ(z) = 0 for z ≤ 0, rtf,Rb and rtf,Na are the
Tomas-Fermi radius,
rtf,Rb =
√
2µRb
ωRb
√
XRb
YRb
; rtf,Na =
√
2µRb
ωRb
√
XNa
YNa
. (B5)
The coefficients XRb,Na are related to the chemical potential ratio λµ = µNa/µRb,
XRb = λµα− αNa; XNa = α− λµαRb, (B6)
and YRb,Na are related to the trap frequency ratio λω = ωNa/ωRb,
YRb = λ
2
ωαMNa − αNaMRb; YNa = αMRb − λ2ωαRbMNa. (B7)
Z, Z = α2−αRbαNa, is a positive constant coefficient in this system and the chemical potentials µRb,Na are determined
by the normalization condition (A6).
It is clear that both the probability densities |ψ(r)|2 and |φ(r)|2 and the Tomas-Fermi radius rtf,Rb and rtf,Na should
be positive. This yields that the Thomas-Fermi approximation can be used for the systems with 1.998 < ωNa/ωRb <
2.658 and 1.056 < λµ < 1.869.
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